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Abstract.

The hereby paper presents an owerview of the arrent interpretation d demherence in
guantum theory, at the same time firmly stating that demherence can be successully fought
against by means of the quantum error-correding codes developed in the recent years. While
demherence itself is but a natural transition from quantum to clasgcd, explaining the so
disputed quantum origins of the dasscd world, its effects have to be combated or severely
diminished if revolutionary techniques such as quantum communicaion a quantum
computation are to be ever implemented. We will argue and try to prove by reference to
existing leading research papers that quantum error-corredion codes are a viable solution for
the demherence problem in particular settings. As a dea-cut example we tadle the five-
guht quantum circuit described by Shor, DiVincenzo and Terhal. Full generdizationisin our
view a simple problem of time & the theory describing it exists aready and is continuouwsly
revised by top scientists. In this sense the genera QECC framework developed by Knill and
Laflamme is thoroughly analyzed and commented upon.

1. Scene-Setting: Decoherence as Transition Concept between Quantum and Classical

If we were to consider deamherence in its full generality”, we would concisely defineit as the
phenomenon by which quantum medanica systems behave & though they are described by
clasgcd probability theory [2]. In other words a given quantum mechanical system exhibits
demherence when al typicd feaures of quantum mechanicd probability are suppressed. In
the remaining of this sdionwe will try to clarify and cetail this definition.

It seems to us nowadays that the quantum origin of the dasscd world was extremely
difficult to imagine for the forefathers of quantum theory. Thus Bohr, in his formulation o

! Recent papers coin two distinct types of decherence: the “environment induced deaherence” (or the very
popular type of deaherence usualy referred to in the literature, concerning the “classcdisation” of a quantum
system as a processthat takes placein time), on the one hand, and the demherencereferring to the situation
where a @arse-grained description of the system can be given in terms of classicd probabili ty theory, on the
other hand. The former category of demherenceis considered only a particular case of the more general latter
type. Thus by “full generality” we make adired referenceto the second type.
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the Copenhagen theory, was willing to postulate the independent existence of the two
worlds, while de Broglie or even Einstein to a lessr extent, were gparently willing to
completely give up the quantum theory and search for something with more fundamental
clasgca underpinnings [7]. We ae of course avare now that the source of these problems
was the quantum principle of superposition that exporentialy expands the set of the avail able
states to al concevable superposition states. Hence, to cite maybe the most famous example,
coherent superpasitions of deal and alive cds have, in the light of the quantum theory, the
same right to exist as ether of the two classcd alternatives. Within the Hilbert space
describing a given state dasdcdly “legal” states are exceptional: the set of all states in the
Hilbert spaceis enormous as compared with the size of the set of states where one finds
clasgcd systems. As an ironicdly enough consequence, it is a faa of life that classcd
objeds are only foundin a very small subset of al possble (andin principle, allowed) states.
So ore has to explain this apparent “super-seledion’ or “einseledion” [6] rule that prevents
the existence of most states in the Hil bert space of certain physical systems. It is decoherence
that acourts for this experimental fact of life.

Demherence is originated in the interadion ketween the system and its environment. In cther
words an entanglement between the state of the quantum system in question and the
environmental degrees of freedom occurs [3]. As a @nsequence, the quantum system will
evolve from a pure quantum state to a mixture of quantum states with noset phase difference
between them. The problem is smply inherent to all quantum systems, as no technique has
been so far developed in order to entirely isolate defined systems from their environment.
The single truly isolated system is the whole maaoscopic Universe itself, as the highest
possble enlarged system to contain the informatior?. Otherwise, the isolation is espedally
hard or impossble to concave when referring to macroscopic dimensions within ou
Universe: an environmental record-keegping will enter into function as on as we try to
measure acertain property of such an okject®. Under avariety of condtions, particularly easy
to satisfy for macroscopic objeds, decherence leads to the e@nseledion d a small subset of
guasi-clasdcd states from within the enormous Hilbert space Classcdity is thus an
emergent property induced in the system by its interadion with the environment. Arbitrary
superpositions are immediately dismissed and a preferred set of states emerges, these
preferred states are the dasscd states. They correspond to the definite realings of the
apparatus pointer in quantum measurements and to the pointsin the phase spaceof a dasscd
dynamical system.

2 The standard strategy to ensure isolation was to enlarge asystem, that is to include the immediate ewironment

3 One of the traditional examples used by quantum physics theoristsin urderlying the environmental record-
keeping isthe model of the “hilli ard ball”. Suppose we want to know the position of a billi ard kall (for all
pradica purposes, this can be any maaoscopic objed) to within some degreeof predsion, in the quantum
universe. In formulating our question we ignore the quantum state of everything elsein the cwsmos. Subjed to a
certain condition we will use, we @an use the possble pasitions of the billi ard ball to partition the set of posshble
states of everything elseinto equivalence dasses with respect to ead of which the billi ard ball isin a different
pasition. The proviso enabling this partitioning is exadly that there must be agood degreeof correlation
between the state of the billi ard ball and the state of everything else. That is, given the msmosin a pure
guantum state, we cannot separate off the billi ard ball and be left with a billi ard ball in a pure state and a rest-of-
the csmosin a pure state. Each subsystem is a mixed state and there ae non-separable crrelations between the
two. In other words, the environment (the rest of the @smos) contains information about the state of the billi ard
ball—just as the hilli ard ball contains information about its environment.



2. Fighting against Decoherence: QECC
2.1.Decoherence, an Obstacle to Quantum Computation and Communication

Within the past few years, gquantum computation and communicaion have undergone a
dramatic evolution. From being subjeds of primarily and solely academic interest, they have
bemme fields having an extreme potential for revolutionizing computer science and
cryptography, as well as an impad on issues of national seaurity, and even pdentialy
commercia applications, to mention ony afew of the recent practicd functions[1]. This has
resulted na only from the development of new algorithms such as quantum fadoring, bu
also as a mnsequence of experimental work on implementations of individual quantum gates
and d quantum cryptography. Unfortunately, the quantum states required to cary out a
computation are more than sensitive to the imperfedions of the hardware, and abowe dl, to
the deaherence caused by the inherent interadion with the environment®.

It is by now clear that demherence is a process having a crucial role in the quantum-to-
clasgcd transition. We find wery interesting to pinpant and dscuss this transition;
norethelessin most of the caes physicists are interested in uncderstanding the speafic causes
of deaherence just because we want to get rid of it. Deaherenceis responsible for washing
out the quantum interference dfeds we would very much want to see & a signal in some
experiments[5], [6] . In particular, thisisthe type of situation that we are fadng in quantum
computation and in the physics of quantum information on a more generaized scde. A
guantum computer is nothing but a gigantic interferometer whose wave function explores an
exporential number of classcd computations Smultaneously: while conventional computers
store data s bits with a value of 0 o 1, a quantum computer stores information in two-level
guantum states, such as the spin of a proton. The aucia point is that these quantum states,
known as quhts, can become “entangled” with each ather, so that N qubits can exist in 2"
different states [3]. It is therefore more than necessary that coherence between branches of
the computer wave function is maintained, as the eistence of quantum interference between
these branches is the primary reason why these computers can ouperform their classcal
courterparts.

In few words, demherence can cause aquantum computer to lose two o its key properties:
entanglement between the qulits and interference phenomena. Spedfic examples describing
bath these implicaions as well as physicd causes of demherence for the two most popuar
types of quantum computers® are successully and in detail discussed by David DiVincenzo
and Barbara Terhal in [3], pages 53-54. Considering a reference to their work as sufficient
for our purpose and aso taking into consideration the limited amourt of space ad time for
this paper, we will not insist more on these spedfic isaues, norethelessadknowledging their
overwhelming importance. The awnclusion d the short overview herein isthat demherenceis
amajor problem within quantum computation and quantum information in general, therefore

* Seethe first Section for amore detail ed discusson on the “environmental record-kegoing” in the case of any
quantum system

® The most popular quantum systems considered as potential quantum computers are the quantum computer
compaosed of trapped ions (originally proposed in 1995 ty I. Cirac and P. Zoller at the University of Innsbruck
in Austria) and the quantum computer based on nuclea magnetic resonance, NMR, from aqueous ol utions of
organic molecules (originaly proposed by 1. Chuang from Stanford and N. Gershenfeld and D. Cory from MIT)
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any measures amed a reducing or €iminating demherence effects  are
ineluctable for future progressin these aress.

2.2Can We Correct Decoherence Induced Errors?

An obvous way of try to prevent decoherence from damaging quantum states sroud be by
now straightforward: reducing the strength of the @uding between the system and its
environment. Nonetheless, it is never passble to reduce this cougding to zero and eliminate
demherence in this way as it has been argued along the previous sdions of this paper.
Unlessnoiseistotaly eliminated, no hoe in this nse. Hence aradicdly different approach
isrequired.

To ensure that the fragility of quantum states does not destroy our ability to extrad the
desired interference pattern requires techniques for correding errors. The genera ideawould
be to find some eror-correding procedure so that in the eventuaity of an error corrupting the
encoded quantum state, the initial quantum state is reconstructed. But before going into
deeper details, ore dilemma shoud be settled: does error corredion exist at al for quantum
states? Is this areasonable isaue to even start with?

Many reseachers doulted that error corredion could at al exist. Most objedions centered on
two straightforward arguments. Firstly, demherence would irreversibly destroy the
information contained in the quantum state, so the original state could na be recovered.
Seoondy, the quantum state is analogue—generally spedfied by a set of complex numbers—
which suggests that the arors caused by decoherence come in an admost infinite variety. At
least some of these arors would simply rotate the system into a different quantum state and
so they could na be deteded as errors [ 3] . Moreover and conneded to the previously stated
arguments, it was generally believed that to perform an error-correction step, knowledge of
the exad state of the computer is required. Such knavledge would uravoidably destroy the
guantum medanical properties of the state [1], [7]. Clealy al these arguments had their
point and it seemed for a whil e that is useless to even think abou quantum error-correction.
Luckily enough, things evolved pasiti vely.

Let us begin by nating that some of the present papers [1] rightfully draw an interesting
parale between the state of the art the quantum computation today and that of classcd
computers in the 40's. At that time it was commonly believed that classcad computers could
not be useful because errors in the cmputer itself would render the result untrustworthy.
These doults disappeared after the discovery of the powerful error-correction techniques for
classcd computers. In ou era, quantum error-correcting codes, discovered by Shor and
Steane in 1995, pove similar objedions, pertaining to the use of quantum computers this
time, fundamentally wrong.

The first objedion argument remains valid if the rate of decoherenceis high, bu that is true
of any error-correction scheme: it is overwhelmed if the arors occur faster than they can be
corrected. It is known now that errors can be crreded as they occur provided that the aror
rate is below a cetain threshold, currently estimated at about 10° per quhit per clock cycle
[3]. It is further assumed that errors occur independently on individua quhts, perhaps the
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most important assumption, and that they appear uniformly throughout the quantum
computer. Now, experience so far acknowledges practical the existence of systems with such
properties, therefore this first argument cannot be regarded as a de facto objection, athough it
is the strongest counter-point.

The second argument is refuted by the following discovery: the continuum of al possible
errors can change the quantum state in one of a total of three possible ways. Thus the
guantum error correction is an analogue, but a digital process [3]. Once one of these three
errors has been detected, it can be easily undone by one of the severa error-correcting
transformations. For the record, let us illustrate the action of the three error operations (and
the identical operation) on asingle qubit in the state a|0> +3|1>:

| (identical operation): alo> +B|1> >  a|0> +B|1>

X (bit flip operation): al0> +3[1>->  al1> +B[0>

Z (phaseflip operation): al0> +3[1>->  al0>-B|1>

Y (bit/phaseflip operation): a0> +B|1>->  a|l> -B|0>,

where a and 3 are ammplex numbers, and [0> and [1> are the two levels of asingle quhit.

It has been shown that all other errors can be demmpaosed in these “canonicd error
operations’. In other words, an entangled state of a number of quhts (the quantum codeword,
as the next sedion will make dea), where |[co> and |c;> are two carefully chosen entangled
states of the encoding quhbts, can still be written as alcy> +Blc> in its origina form®.
Implicitly al operation errors will operate asin the cae of the single quht.

As the last objection argument is concerned, Peter Shor has iown that in a restricted model
of errors (the existence of which has been proved in the preceding paragraph), it is possble to
restore astate using ony partial knowledge of the state of the quantum computer. Hence we
are not in the situation to apply Heisenberg's principle and thus to destroy the quantum states
becaise we have the knowledge of the entire system. This is certainly an innowation in
guantum theory and can be used within the whole field, nd only in reducing demherence
effects. The whole Heisenberg's principle can apparently be “skipped” if arequired operation
ispaossble by using only partial knowledge of the quantum state.

All these positive ideas have opened the path to a general theory of quantum error correction.
We will am at describing the outlines of this theory so far and its implicaions in the
foll owing sections of this paper.

2.3General Framework for the Quantum Error-Correction

As aso dwelled uponin the previous sdions of work, coherent quantum states have a
particular importance in quantum communicaion and quantum computation. Both situations
involve the manipulation of states by unitary operations where some desired information is
eventually extraded from parts of the state by measurement. There is a small difference
between the two oljedives; quantum communication involves multiple parties with limited
communicaion cgpabiliti es and focuses more on the transmisson d states over potentially

® A simple mathematicd induction should suffice @ a solid proof in the general case. For the cae of the threeor
five qubit wordsthisis draightforward.
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noisy channels, while quantum computation involves only one party and focuses on the
unitary transformations involved in achieving the final state. However, in both of the cases
the loss of coherence results in a reduction d the probability of getting the crrect answer
after completion d the required operations. We neel to focus on preserving a wherent state
subjed to urwanted interadions in a quantum memory or channel [1].

Now, in classcd communicaion and computer memories, the corrupted information can be
introduced by introduwing redundancy, for example by copying al or a part of the
information to be preserved’. Unfortunately, such a simple redundancy scheme is
incompatible with quantum states, primarily because the no-cloning theorem [1], [3], [4], [5]
prevents the dugicaion d quantum information. Nevertheless it has been recantly found ou
that it is posgble to corred a state against certain known errors by spreading the information
over many quhts throughan encoding. The goal is to find an encoding which behaves in a
spedfic way under evolution by the interadion “superoperator” [1], [5]. The behavior must
be such that it permits recovery of the origina state.

Let us consider the simplest nonttrivial case of encoding a single quht. The genera state to
be protected is of the form: [p>= a|0> +3|1>. The ideais to map |P> into a higher
dimensional Hilbert space:

(ajo> +B|1>)|000..> > a0 >+B|1 > [1]

The eguation above defines the mde. |0.> and |1,> ae cdled the “logicd zero” and the
“logical one” of the qubit which we want to preserve, respectively. The new state in this
equation shoud be such that any error induced by an incorrect functioning of the cmputer
maps it into ore of a family of two-dimensional subspaces that preserve the relative
coherence of the quantum information. A measurement is then performed which projeds the
state into ore of these subspaces. The origina state can be recovered by a unitary
transformation which depends on which of these subspaces has been observed. All these
isaues have been converted into a fascinating mathematicd theory in recent papers. Maybe
one the best examples in this gnse is the work of the researchers from the Los Alamos
National Laboratory, Emanuel Knill and Raymond Laflamme. In [1] they describe ageneral
theory of quantum error-correding codes in an excdlent manner. In what follows we wil
refer to some of their findings and add ou comments when considered necessary.

First of al, assuming that the initial state is |y;>, the interadion with the eavironment wil |
leave the system (let this be aquantum computer, for instance) in the reduced density matrix
pi= % (|Wi>), where $ is the superoperator associated with the interadion (the notation herein
is the original notation used in the Knill & Laflamme paper). Further, in the cae where the
environment is not initially entangled with the system py, we have:

Pr= Z Aapi Aa

A choice of operators A; can be determined from an othonama basis |u> of the
environment, the environment’s initial state |[e> and the evolution operator U of the whae

" The reader is of course aware of the badkup information creaed every time an important operation (such as
installing a new operating system) is performed. Ironicdly, redundancy plays here apaositiverole, whilein
programming as such it should be avoided as much as passible. That is, intrinsic redundancy is undesired, while
redundancy in preserving the adieved final “program” is very necessary.
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system: A, = <UglUle>. We can immediately seethat z AJSA,= 1. The A, are linear

a
operators of the Hil bert space of the system and describe the dfed of the environment. They
are cdled interadion qoerators. Any family of operators A, that satisfy the identity above
define asuperoperator.

We made this entire rather cumbersome introduction in order to facilit ate the understanding
of the necessary and sufficient condtions for the recovery of the state |;>. These @ndtions
are <0 | AJSALL> =0,

<O_| AJTALI0> = <1 | Ag Apl1>

While the first condtion states that the logicd zero and ore must go to orthogonal states
under any error, the second ore implies that the length and inner products of the projections
of the rrupted logicd zero and ane shoud be the same. These results are also foundin [3]
by DiVincenzo and Terhal: the codewords have to be still distinguishable after the eror has
occurred (orthogonality) and the codewords sould be such that the most significant error
map the encoded state outside the space spanned by the two qubt states (or codeword states)
in a way independent of a andB (partidly in the requirement that the length and inner
products of the different projedions shoud be the same).

We nedl to predse that for redistic quantum computers only a subset of posgble erors can
be @rrected. An appropriate measure of the quality of a recovered code is the fiddlity,
defined as the overlap between the fina state p; of a system p and the original state |;>. If
the combined superoperator consisting of an interadion with the environment followed by a
recovery operationis given by A={A,,....}, aswe asaumed in this ®dion, then the fiddlity is
defined as:

F(lWi>,A) = <ilpr|di> = z <y JAJ> <P AL P>,

a
It gives the probabili ty that the final state would passatest checking whether it agrees with
the initial state. As Knill and Laflamme perfedly reason, as we are thinking of encoding
arbitrary states, we do not know in advance the state that will be used [1]. Thus we nedal to
use the minimum fidelity which is obviously the worst case fidelity:

Frin = rEm <y|ps|w>

The best quantum code will definitely maximize Fyn.

But let us see the exact form that the decoherence takes if we consider all the notations
above:

0 Oa-Y
<bl=alo> 4> >p PR
ape”  pB”
where €Y (y>=0) parameterizes the amount of decoherence. Moving further, decoherence can
be understood in terms of the following interaction with the environment
le>|0> - |ep>|0> and
le>[1> > |er>[1>,
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with <epgle;>= €Y. We natice how much the Dirac notation simplifies the eguations. Using
as environment basis |ug> =|ep>| and 1> =ler>| - €Y |ep>)/V1—-e™ we obtain the interadion
operators

e Qa0

Now, for asingle quhit which is corrupted by decoherence, the minimum fidelity is given by

F=lte’ Yy .

2 2

with the last approximation valid for small .

It is important to redize that the quantum-error corredion code in this dape rrects
perfectly only if at most one error occurs [1]. In this resped the fidelity just approximated
plays the greatest role. Aslong as the demherence is snall (that is the same & snall y), the
probabili ty of having two or more arors will be much smaller than that of having one &ror.
Therefore the framework for the further performing of the quantum error-corredion
operations (requiring perfea fidelity) as such, is st.

2.4.Quantum Error-Correcting Codes | mplemented

While Knill and Laflamme present a full abstrad theory describing the fundamentals of the
QECC® and olain the recovery operations after a fascinating chain of deductions and ce
fado calculus[1], wewill limit ourselvesto describing the implementation of these quantum-
error correding codesin pradice

The past years have witnessed an astonishing rate of progressin the development of error-
correction schemes for quantum memory and quantum computation. The discovery that a
quht, when suitably encoded in a block of qubits, can withstand a substantial degree of
interadion with the eavironment withou degradation d its quantum state has been foll owed
by many other contributions which have identified many new coding schemes[4] .

The first code developed by Peter Shor used nine quhts to encode asingle quhit; this coded
quht could be restored when any one of the nine quhits had experienced some abitrary
disturbance After this scheme was introduced, everybody came to understand the predse
requirements for quantum error-correding codes. Out of the many “entangled codewords’
that are in use today, one of the most popuar is the five-quht code discovered by Raymond
Laflamme & Los Alamos and independently by Charles Bennett at IBM. This code is
currently considered the most econamicd encoding of a single quhit that can fully corred an
arbitrary error onany of the @mde’s qulats.

8 This paper will make use of the aconym QECC as dandard abbreviation within quantum theory denoting
Quantum Error-Correding Codes
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- Figure 1 — ([3], page 55)
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One possible error-correcting circuit for the five-qubit code consists of four stages. A single qubitis encodedas -1 -1 -1 +1 Y.

an entangled state of five qubits, which travel through the four stages of the circuit from left to right. At each -1 1 -1 -1 Y;

stage, the coded qubit is acted on by a sequence of two logic operations: the one-bit Hadamard transform

(green circle) and the two-bit controlled-NOT gate. In this last operation, one of the input qubits (marked with the blue dot) acts as the control qubit while the
other qubit (marked with a crossed circle) is the target qubit. A sixth ancillary qubit, set to |0) at the beginning of each stage, is measured at the end of each
stage. The outcome of the M, M,, Mo and M, measurements can be +1 or -1, and the pattern of +1s and -1s indicates which error operators have acted on the
coded qubit (see table).

We have included above a figure of a quantum circuit consisting of four stages, as
represented in [ 3]. When the qubit enters the circuit, it is encoded as one particular entangled
states of the five qubits, a|co> +8|ci>. There are many possbiliti es of choasing the basis
states |co> and |c;>, provided that the condtions discussed in the previous sdions are fully
met (orthogonality and independence of parameters). Herein it was chosen that |co> is
composed of states with an odd number of zeros in the amdewords, whil e |c;> has gates with
an odd nunber of 1s[3], [4]. To write the cdewords completely, we have:

Ice> = [000@> + |[110M> + [01100> + [00110> + [00011> + [10002> - |[10106 - [01010> -
|0010% - |1001C> - |01001> - [11110C> - [01111> - [1011% - [11011> - |1110%

and
lci> = [11111> + [00111> + [1001% + [1100% + [111(> + [01110> - |0101% - [1010L> -
|11010> - [0110%> - |10110> - [00002> - [10000> - [01000> - [001M®> - |[00016°

Coming badk to the description an the figure, a sequence of quantum-gate operations ad on
the encoded qubt pasgng through ead state of the arcuit. For the sake of ill ustration, orly 2
operations are used on this circuit: the one-bit Hadamard operation and the two-quht
cortrolled-NOT gate'®. The 4 stages of the drcuit conclude with a measurement Ms, M4, Mo
and M; onasixth ancill ary quhit, set to |0> a the beginning of each stage (seeFigure 1). The
ideais very ingenious as this ancill ary quht is provided with information abou the state of
disrepair of the wmded qubt. Each of the 5 qubts can be aded on by one of the three
canoncd error discussed in sedion 2.2,hence atotal of 15 passble erors can occur. They
are dl emboded in the table next to the figure @ove. The outcomes of the measurement can
be a one can follow on the table, -1 or 1, depending on which of the erors adually occurs.
We can identify from the values of the measurement (this 4 values are the so-cdled error
syndrome) which error occurred. For instance, to use adifferent example than the one used
by the authors of the quoted paper, if the 4 measurements yield -1, -1, -1, +1, we know that

® Another class of very popular 5-qubit codes is the Laflamme dasswhere the one bit rotation is applied to
qubits 0 and 1in order to oktain the final representation. Aslong as one starts with a particular symmetric
presentation for [0> and |1>, respedively, and takes care of the aonditions, infinitely many representations can
be obtained (see[4], pages 3260-3262for detail s)

19 The one-bit Hadamard operation transforms the qubits as follows: [0>=>27Y4(|0> + [1>) and [1>>27Y4(|0> -
[1>). The two-qubit controlled-NOT gate flips the lower target bit if the upper control bit is 1: |00>-> |00>,
[01>-1]01>, |10>—>]11>, |11>->|10>. These are elementary operations used here for the sole purpose of
didactical exemplification
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gubit number 1 has been disturbed and that the decoherence acting on it was a bit/phase
flip error. Obviously the error correction is very simple; using afina quantum gate, the state
of bit 1 is phased/flipped back to its correct state.

It has been rigorously proven in [4] that this five-qubit code error correction circuit is fault-
tolerant, that is any error that occurs during the operations can be repaired at a later stage.
However, as explicitly pointed out in [3], this scheme can only tolerate an error on one of the
qubits. For extensions of this result work is currently undergone.

3. Possible Conclusions

We have tried in this paper to present an overview of the present scientific conception of
decoherence as transition concept between the quantum and classica domains. Whether
physically or philosophically justified, decoherence certainly plays a leading role in
explaining the quantum origins of the classical and the quantum world. On the other hand we
have pointed out that decoherence is mainly investigated for finding a way to combat its
effects in order to practically implement quantum communication or quantum computation
systems. The results in this sense can be considered amazing and future optimism seems to
dominate within this particular area of the quantum theory. QECC techniques have reached
high development stages making us think of practical applicability somewhere in the very
near future. At the same time however, we have shown that only particular errors can be so
far completely corrected and all in the framework of perfect fidelity. The study of imperfect
reality codes is far from completed. Both the sources of introduced error, and its propagation
when recovery is attempted many times require further study. But, to end in an optimistic
manner, we have shown that the theory is there and that it works perfectly for particular
systems. Hence there is no reason why generalization and further improvement should be
insurmountable tasks.
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